Let f : S → X map an abelian semigroup (S,
Introduction
Traditionally when we investigate stability of functional equations the problem posed by S.M. Ulam in 1940 (cf. [27] ) and the well-known theorem of Hyers (cf. [14] ) which came within a year are taken as a starting point. Following S. Ulam and D. Hyers a great number of papers on the subject have been published, generalizing Ulam's problem in various directions. One of these possible generalizations is to allow the Cauchy difference to be unbounded, to be controlled by a function, not necessarily by a constant. Perhaps Tosio Aoki in 1950 was the first author treating this problem (cf. [1] ). He proved that if a mapping f : X → Y between two Banach spaces satisfies
Φ(x, y) for x, y ∈ X,
with Φ(x, y) = K( x p + y p ), (K 0, 0 p < 1), then there exists a unique additive function a : X → Y such that f (x) − a(x) 2K x p /(2 − 2 p ) for x ∈ X. In the proof Aoki shows that (f (2 n x)/2 n ) n∈N is a Cauchy sequence for each x ∈ X and, by compactness of Y , convergent. Then he proves that the function a : X → Y given by a(x) := lim n→∞ f (2 n x)/2 n (x ∈ X) satisfies all the required assertions.
In 1951 D.G. Bourgin (cf. [4] ) stated (without the proof) that if Φ is symmetric, nondecreasing in x and y , with the series
Unfortunately, no use of these results was made for a long time. In 1978 Th.M. Rassias (cf. [24] ) dealt with the stability of the Cauchy equation starting from the same inequality as in [1] (however no reference to Aoki's paper is given). He obtained additionally the linearity of the existing function a under the assumption that f (tx) is continuous in t for each fixed x ∈ X. It seems that this result, called Hyers-Ulam-Rassias stability, influenced a number of mathematicians and a great number of papers have been published. As was mentioned by Th.M. Rassias, the proof presented in [24] works for every p ∈ (−∞, 1) and, therefore, the theorem holds true for all such p's. Z. Gajda in [8] proved analogous result taking p from the interval (1, ∞). He also gave an example of a function satisfying the initially considered inequality with p = 1 that cannot be approximated by any additive function, which means that in this case the stability fails to hold (cf. also [25] ).
In 1982-1994, a generalization of Hyers' result was established by J.M. Rassias with a product of different powers of norms as a control function in (1) (cf. [19] [20] [21] [22] [23] ). However, there was a singular case. Then a counter-example was given by P. Gavruta (cf. [10] ).
Numerous papers on the subject contain other pertinent generalizations (cf. e.g. [9, 12, 13, 16, 26] ). Some of these historically important control functions will be recalled in Section 3.
Most of the results mentioned above may be treated as particular cases of the general result presented by G.L. Forti (cf. [5, 6] ).
For more detailed historical information we refer the reader to survey papers [7, 11, 15, 17] . The main purpose of this note is to follow the idea described above with respect to the alternative functional equation
i.e. to solve the following
for x, y ∈ S, where Φ 1 , Φ 2 : S × S → R + are given functions. Let us call such a function f an approximate solution of (2) with control functions Φ 1 , Φ 2 . We ask for the existence of an additive function a : S → Y such that
where Ψ : S → R + is a function we can explicitly compute starting from Φ 1 and Φ 2 .
We will consider two hypotheses concerning control functions:
, where j ∈ {1, 2, 3}, i ∈ {1, 2}, converges for all x ∈ S and lim k→∞ 2 k Φ i (x/2 k , y/2 k ) = 0 for x, y ∈ S.
Main result
We start with an auxiliary technical lemma.
where
Proof. Consider x ∈ S satisfying (4). Replacing x by 2x and y by x in (3) and taking into account (4) we have
Having applied (3) once again, with 3x and x instead of x and y respectively, we get
. Now we combine the last two inequalities and (8) to obtain the alternative of the following inequalities
On the other hand, substituting 2x for x and y in (3) and taking into account (4), we have
, which along with (9) results in (5). Assume now, that (S, +) is 2-divisible and consider x ∈ S satisfying (6). Replacing y by x 2 in (3) we have
Using (3) with x and y replaced by (x + x 2 ) and
2 ). One can show, making use of the last two inequalities and (10), that one of the following inequalities holds true
2 ). Now, applying (6) to the above inequalities one gets the alternative of the following inequalities:
On the other hand, replacing y with x in (3), we have
This, along with (11) results in (7). 2
Our main result reads as follows: Theorem 1. Let (S, +) be an abelian semigroup, and let (X, · ) be a Banach space. Let f : S → X satisfy (3) with given Φ 1 , Φ 2 : S × S → R + satisfying (h 1 ) or (h 2 ) . Then there exists a unique additive function a : S → X such that
Proof. We will consider two cases.
Case 1. Assume (h 1 ) is satisfied and consider
, where the last inequality follows from Lemma 1. Thus, in both cases
with
}. Now, using the direct method for proving stability of functional equations or simply applying Forti's theorem (cf. Theorem 1, [6] ), we obtain the existence of a function a : S → X given by
We shall prove the additivity of a. According to Theorem 1 from [18] it suffices to show that a satisfies the alternative equation (2) . Given x, y ∈ S with a(x + y) + a(x) + a(y) = 0, we observe that for a sufficiently large n ∈ N we have f (2 n 
, on account of (3). Dividing this inequality, side by side, by 2 n and then letting n → ∞ we obtain a(x + y) = a(x) + a(y) in virtue of (h 1 ).
The uniqueness of a follows directly from its additivity and from (14) . Case 2. Assume (h 2 ) is satisfied and consider
2 ) + 2N(x)}. Making use of Forti's theorem 2 from [6] we get the existence of a : S → X given by
We prove the additivity of a. Given x, y ∈ S with a(x + y) + a(x) + a(y) = 0, we observe that for a sufficiently large n ∈ N we have f (
Multiplying this inequality, side by side, by 2 n and then letting n → ∞ we obtain a(x + y) = a(x) + a(y) in virtue of (h 2 ). Consequently, in view of Theorem 1 from [18] , function a, as a solution of Eq. (2), has to be additive.
The uniqueness of a follows directly from its additivity and from (16). 2
Corollaries
In this section we are going to present some corollaries of Theorem 1 concerning various types of control functions Φ 1 , Φ 2 that have been frequently examined with respect to Cauchy equation. The proofs need rather standard calculations to verify the assertions of Theorem 1, therefore we avoid them.
The following corollary concerns control functions considered by Th.M. Rassias and P. Šemrl in [26] . 
The form of control functions in Corollary 2 is motivated by the paper of G. Isac and Th.M. Rassias [16] . In the next corollary we consider sums of powers of norms as control functions.
Here we also have a singular case.
